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Abstract

IABSE Task Group 3.1 has the mandate to define reference results for the
validation of methodologies and programs used to study both stability and
buffeting responses of long-span bridges. To this end, the working group set up
a benchmark procedure consisting of several steps with increasing complexity to
define reference results useful for this validation. The simplest step (1.1a) was
presented in Part 1. In this paper (Part 2), the contributions and reference
results of the second sub-step (1.1c) are discussed. It consists of the simulation
of the aeroelastic response of a three-degree-of-freedom bridge deck section
forced by turbulent wind, using experimental aerodynamic coefficients
measured in a wind tunnel. The increase in complexity, compared to the
previous step, involves the experimental definition of unsteady force coefficients
that are defined in a limited range of reduced velocities, and inclusion of the
lateral motion and horizontal turbulent wind velocity components. Comparison
of the different outputs, obtained by Task Group 3.1 participants with the same
input data, is presented, revealing differences that are not always negligible.
Moreover, the increase in complexity of the test case results in larger spreads of
the results compared to the fully analytical case, analysed in Part 1.

Keywords: Benchmark; aeroelasticity; flutter; buffeting; long-span bridge;
validation

Introduction

The International Association for
Bridge and Structural Engineering
(IABSE) Task Group 3.1 (“Super-
Long-Span Bridge Aerodynamics”) is
developing a series of benchmark tests
to define reference results for the vali-
dation of numerical methodologies and
software programs for the assessment
of the aeroelastic behaviour of long-
span bridges exposed to wind action.

The benchmark consists of three prin-
cipal steps (Steps 1, 2 and 3) with sub-
steps of increasing complexity (see
Ref. [1] for a complete description of
the benchmark structure). Step 1 is a
comparison of different numerical
results, while Steps 2 and 3 will
provide a comparison between

numerical and experimental results
(wind tunnel tests and full-scale
measurements, respectively).

At the end of the first year of activity,
the dissemination of the output of
Step 1 started. The results of the sim-
plest benchmark tests (Step 1.1a) are
discussed in the companion paper,
“IABSE Task Group 3.1 benchmark
results. Part 1: Numerical analysis of a
two-degree-of-freedom bridge deck
section based on analytical aerody-
namics”,1 while in this paper the
results of the more complex Step 1.1c
benchmark tests are presented.

Step 1.1a examined a basic aeroelastic
problem: the stability and the buffeting
response of a bridge deck section with
two degrees of freedom (DOF): verti-
cal and torsional. The Theodorsen

functions of a flat plate were used to
analytically define aeroelastic forces
over the entire range of reduced vel-
ocity. Only the vertical component w
of wind turbulence was considered,
with analytical admittance functions
to compute buffeting forces, at
0 degree mean angle of attack only.

The new features studied in Step 1.1c
with respect to the previous step
(Step 1.1a) are:

1. Aerodynamic coefficients are not
analytical, but experimentally
measured through wind tunnel tests;
in particular, they are defined in a
limited range of reduced velocities,
at 0 degree mean angle of attack
only. This requires an interpolation/
extrapolation of the values to be
used in the numerical simulation.

2. Three degrees of freedom are con-
sidered instead of two, including
the lateral motion.

3. Both the vertical and the horizontal
components of turbulence, w and u,
are considered in a single cross-
section, keeping an analytical for-
mulation for the buffeting forces.

Input data, provided to all Task Group
(TG) contributors, are described in the
subsection “Input for Step 1.1c Analy-
sis”, and can be downloaded from the
Supplemental Material of the present
paper (on the website of Structural
Engineering International). As an
alternative, the same data can be
downloaded from the IABSE website.
The output results used in the bench-
mark are described in the subsection
“Required Output for Step 1.1c” and
the results are then compared in
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“Results of Step 1.1c”. Reference
results and their statistical analysis are
summarized in the section “Step 1.1c:
Reference Values”; everyone can
check their numerical codes using
these data.

Benchmark: Step 1.1c

Input for Step 1.1c Analysis

The input data for the simulation of the
deck aeroelastic response comprise:

. structural parameters of the bridge
deck section

. turbulent wind characteristics

. aerodynamic coefficients.

Structural Parameters

Structural input data of the 3 DOF sec-
tional model are reported in Table 1.
The real full-scale values (mass per
unit length, structural natural frequen-
cies, damping ratio and deck chord) of
the Storebælt bridge are used, to relate
to real applications. Owing to limited
coupling between the structural
modes of the Storebælt bridge, the
structural modes of the bridge deck

section in this analysis are considered
uncoupled.

Turbulent Wind Characteristics

The mean wind speed U and the hori-
zontal and the vertical components of
turbulent wind (u and w, respectively)
in a single point are considered in the
simulation. Five mean wind speed
scenarios are considered to compare
the results with an increasing level of
aerodynamic coupling up to a wind
speed close to flutter instability. The
characteristics of the simulated wind
are reported in Table 2. Ten 600 s
long time histories of the turbulent
wind components were generated
according to the Von Karman spec-
trum using a time-step of 0.05 s, to
allow the use of time domain (TD)
methods. A harmonic superposition
method was used for the generation
of the time histories.2,3 The time his-
tories of u(t) and w(t) are available in
the Supplemental Material. As shown
in Table 2, the cross-power spectrum
Suw(f ) of the incoming turbulence in
forced to be equal to zero, to consider
a complete lack of correlation
between wind velocity components.

The method used for wind generation
was selected for convenience. The
investigation of the wind field gener-
ation problem is not a task of the
benchmark and is beyond the scope
of this study.

Aerodynamic Forces

The standard approach used to model
the aerodynamic forces is based on a
linearized model of the fluid–structure
interaction around a steady configur-
ation of the bridge, which depends on
the mean wind speed.

The aerodynamic forces (Faero) acting on
the deck can be modelled as the sum of
three different components, namely:

. Fst, the steady aerodynamic forces

. Fse, the self-excited (or motion-
induced) forces

. Fbuff , the buffeting forces.

The steady aerodynamic forces Fst
depend on the mean wind speed only,
the self-excited forces Fse depend on
bridge motion, and the buffeting
forces Fbuff depend on the incoming
wind turbulence.

Using the sign conventions reported in
Fig. 1, the steady aerodynamic drag
(FD), lift (FL) and moment (M) per
unit length acting on the deck section
are defined through steady coefficients
as functions of the angle of attack a:

Fst = 1
2
rU2B

CD(a)
CL(a)
BCM(a)

⎡
⎣

⎤
⎦ (1)

where B is the deck chord, U is the
mean wind velocity, and r is the air
density. CD, CL, CM are, respectively,
the drag, lift and moment static

Quantity Description Value

mL [kg/m] Mass per unit length 22 740

JL [kg m2/m] Moment of inertia per unit length 2.47 × 106

B [m] Deck chord 31

fy [Hz] Lateral eigenfrequency 0.052

fz [Hz] Vertical eigenfrequency 0.10

fθ [Hz] Torsional eigenfrequency 0.278

ξ [–] Damping ratio (for all modes) 0.003

Table 1: Deck section model structural data

Wind speeds U = 15, 30, 45, 60, 75 m/s

Air density r = 1.22 kg/m3

Turbulence intensity
[su,w is the standard deviation of u(t), w(t)]

Iu = su

U
= 0.10 Iw = sw

U
= 0.05

Integral length scale xLu = 200 m xLw = 20 m

Von Karman power spectrum of u and w,
as a function of frequency f

f · Su(f )
s2
u

=
4

f xLu

U

( )

1+ 70.8
f xLu

U

( )2
[ ]5/6

f · Sw(f )
s2
w

=
4

f xLw

U

( )
1+ 755.2

f xLw

U

( )2
( )

1+ 283.2
f xLw

U

( )2
[ ]11/6

Suw(f ) = Swu(f ) = 0

Table 2: Incoming wind characteristics
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coefficients, measured through wind
tunnel tests.

Self-excited forces Fse per unit length
are defined through the flutter deriva-
tive coefficients using a linearized
approach around the steady position
of the bridge. Typically, flutter deriva-
tive coefficients are measured exper-
imentally on rigid sectional models in
wind tunnels for a discrete number of
reduced velocities requiring an interp-
olation and/or extrapolation to simu-
late conditions where experimental
data are not available.4 The Polimi for-
mulation for flutter derivatives5 is used
in this paper for convenience, since this
notation is closer to the Theodorsen
functions for a flat plate, used in the
previous paper.1

The coefficients in the classical Scanlan
formulation are available in the Sup-
plemental Material. Considering
lateral, vertical and torsional harmonic
motions around the steady position of
the bridge, the self-excited forces per
unit length Fse acting on the bridge
deck are expressed through 18 flutter
derivatives as:

FD,se = 1
2
rU2B

(
−p∗1

ż
U

− p∗2
Bu̇
U

+ p∗3u

+ 2p3

V∗2 p
∗
4
z
B
− p∗5

ẏ
U

+ 2p3

V∗2 p
∗
6
y
B

)
(2)

FL,se = 1
2
rU2B

(
−h∗1

ż
U

− h∗2
Bu̇
U

+ h∗3u

+ 2p3

V∗2 h
∗
4
z
B
− h∗5

ẏ
U

+ 2p3

V∗2 h
∗
6
y
B

)
(3)

Mse = 1
2
rU2B2

(
−a∗1

ż
U

− a∗2
Bu̇
U

+ a∗3u

+ 2p3

V∗2 a
∗
4
z
B
− a∗5

ẏ
U

+ 2p3

V∗2 a
∗
6
y
B

)
(4)

where p∗i are the flutter derivatives for
drag force FD,se, h∗i are the flutter
derivatives for lift force FL,se, and a∗i
are the flutter derivatives for the
moment Mse. V∗ = U/( fB) is the
reduced velocity, f being the frequency
and B the deck chord. y, z and u are,
respectively, the lateral, vertical (posi-
tive upward) and torsional (positive
nose-up) displacements of the sec-
tional bridge around the static con-
figuration (Fig. 1).

The experimental flutter derivatives of
the Storebælt bridge deck measured in
the wind tunnel are used.6 Coefficients
are reported in Figs. 2–4, only for a
0 degree mean angle of attack, as a
function of the reduced velocity. Only
values in the range 5 , V∗ , 35 are
available, for a discrete set of V*
every ΔV* = 5. Since the experimental
flutter derivatives are available for a
0 degree mean angle of attack only,
the static configuration of the bridge
is supposed to be equal to zero.

The buffeting forces Fbuff per unit
length due to incoming turbulent
wind u and w are defined in the

frequency domain (FD) through the
admittance functions:

F

FD,buff

FL,buff

Mbuff

⎧⎪⎨
⎪⎩

⎫⎪⎬
⎪⎭ = 1

2
rUB

×
x∗Du x∗Dw

x∗Lu x∗Lw
Bx∗Mu Bx∗Mw

⎡
⎢⎣

⎤
⎥⎦F u(t)

w(t)

{ } (5)

where F is the Fourier transform oper-
ator; x∗ are called admittance functions
and they depend upon the reduced vel-
ocity V* and the mean angle of attack.

Typically, the admittance functions x∗

are measured as a function of the
reduced velocity and the mean angle
of attack through wind tunnel tests on
sectional models, in a similar way to
what is done for the flutter derivative
coefficients.

Fig. 2: Drag derivatives: Storebælt p* values
as a function of V*, and quasi steady theory
(QST) coefficients

Fig. 4: Moment derivatives: Storebælt a*
values as a function of V*, and quasi steady
theory (QST) coefficients

Fig. 1: Sign conventions: (a) deck forces and displacements; (b) turbulent wind

Fig. 3: Lift derivatives: Storebælt h* values
as a function of V*, and quasi steady theory
(QST) coefficients
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The x∗ are defined using the quasi-
steady values weighted by the Daven-
port function A(V*) as:

x∗Du = 2CDA(V∗) = 0.154A(V∗)
x∗Lu = 2CLA(V∗) = 0.134A(V∗)
x∗Mu = 2CMA(V∗) = 0.056A(V∗)
x∗Dw = (KD − CL)A(V∗) = 0.203A(V∗)
x∗Lw = (KL + CD)A(V∗) = 4.447A(V∗)
x∗Mw = KMA(V∗) = 1.17A(V∗)

(6)

where A(V∗) is a real weighting func-
tion in reduced velocity:

A(V∗) = 2

(7/V∗)2
(7/V∗ − 1+ e−7/V∗

)

(7)

This choice is made to obtain a func-
tion defined analytically over the com-
plete range of V∗, as was done for
Step 1.1a.1

The main aim of the benchmark is to
compare the dynamic response of the
sectional bridge due to the self-
excited Fse and buffeting forces Fbuff

around the steady configuration of
the bridge, forcing the model with the
stationary aerodynamic forces Fst

only. The experimental flutter deriva-
tives are available for 0 degree mean
angle of attack only, and therefore the
static configuration of the bridge is sup-
posed to be equal to zero (yst = 0,
zst = 0, ust = 0).

Required Output for Step 1.1c

The following results were provided by
the TG members:

1. Aeroelastic stability in smooth flow:
(a) critical flutter speed of the bridge
(b) frequency and damping ratio of

the three vibration modes as func-
tions of mean wind speed.

2. Buffeting response in turbulent
flow:

(a) standard deviation (STD) of dis-
placements y, z and u as a function
of mean wind speed

(b) comparison of power spectral den-
sities (PSDs) of y, z and u.

These results are presented and ana-
lysed in the following section, with
the aim of selecting the most meaning-
ful quantities for validating the
numerical models and corresponding
reference values.

Results of Step 1.1c

For this benchmark test, TG members
used their own methodology and
codes to simulate the bridge behaviour,
starting from the same input data.5,7–28

All the results were then compared,
and reference values were defined
with statistical analysis.

Aeroelastic Stability in Smooth
Flow

To define reference values, the same
statistical procedure presented in Ref.
[1] is applied for all results. In brief,
the following strategy is applied to
define a reference:

1. The mean m∗ and the standard devi-
ation s∗ of all contributions are
computed.

2. Results outside the band m∗ + s∗

are considered outliers and
discarded.

3. The reference value is computed as
the mean m of the remaining data.
The ratio between the standard
deviation of the remaining data
and m, m/s, is taken as an index to
assess the spread of the valid
contributions.

Figure 5 shows a plot of the flutter criti-
cal speeds predicted by different TG
members for Step 1.1c, for a total of
12 contributions. Both statistics (with
and without outliers) are shown. Con-
tributions 2, 4 and 12 fall outside the
spread band m∗ + s∗, and they are
not considered in the computation of
the reference value.

The reference flutter speed for Step
1.1c is therefore defined as m =
72.31 m/s, with a normalized standard
deviation s/m = 0.42%. Step 1.1c
differs from Step 1.1a, since by intro-
ducing the experimental flutter deriva-
tives, the flutter speed results are more
scattered with a normalized standard
deviation 3.5 times larger than in the
case with the flutter derivatives calcu-
lated with the theoretical Theodorsen
functions (see Step 1.1a1). This
increase in the spread band is due to
the introduction of the experimental
coefficients, which are available
only in the range 5 , V∗ , 35,
instead of a fully defined analytical
function.

Figures 6 and 7 report the natural fre-
quencies and damping ratios of the
unstable mode as a function of the
mean wind speed. In these figures, a

vertical dashed line corresponding to
V* = 5 is also plotted, calculated using
the torsional structural frequency
reported in Table 1. For wind speeds
lower than this value, the flutter deriva-
tive coefficients are not available and
their values must be extrapolated. In
current wind engineering practice,
there are no standard rules for extra-
polation: for high V*, coefficients
have an asymptote to the quasi-steady
theory value that is used for extrapol-
ation; for low V*, no experimental
information is generally available and
therefore different approaches can be

Fig. 6: Frequency of the unstable mode as a
function of mean wind speed

Fig. 5: Flutter critical wind speed results
from different programs of the Task Group.
Red lines: statistical values using all data;
black lines: statistical values excluding
outlier data

Fig. 7: Damping ratio of the unstable mode
as a function of mean wind speed
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used to model aeroelastic force in this
region.

The discrepancy between numerical
results is therefore also due to the
method adopted to use the experimen-
tal coefficients, which are always pro-
vided in a limited range of V*. One of
the targets of this work is to highlight
this kind of problem, and thus no
rules are provided in the benchmark
for extrapolation at low V* (V* < 5).
For example, Contribution 1 does not
connect to the structural eigenfre-
quency as an asymptotic value at U =
0 m/s (Fig. 6), and it also suggests a
trend towards a negative structural
damping at U = 0 m/s (Fig. 7): this is
an index of incorrect extrapolation of
the aerodynamic coefficients, and
therefore these results for V* < 5
should not be considered.

For V* > 5, the frequency trends show a
good agreement, while in the damping
trend the largest differences are in the
wind speed range between 45 and
65 m/s, where damping reaches its
maximum value. These differences
become smaller at larger wind speeds
when the damping decreases.

Contributions 1 and 12 show discre-
pancies compared to the other
damping trends, and the same contri-
butions also differ in the flutter critical
wind speed comparison. In contrast,
Contribution 6 overestimates the
damping ratio in the range between
45 and 65 m/s, with a flutter speed
very close to the reference average
value. As already highlighted in Ref.
[1], considering only flutter speed is
not sufficient to validate numerical
codes, and the damping ratio trends
versus the mean wind speed also have
to be compared with reference data.

The reference m or the frequency and
damping ratio is reported in the plots
as black markers, whereas the lines
m+ s are not shown for sake of simpli-
city; however, the normalized standard

deviations s/m are listed in Tables 3
and 4. Contributions 6 and 12 fall
outside the spread band at wind
speeds equal to 45 and 60 m/s.

The reference values in the range V* <
5 are discarded, since a reference extra-
polation method is not defined by the
TG 3.1 members and these results are
not usable for the benchmark.

Buffeting Response Step 1.1c

The dynamic responses of the bridge
due to the self-excited Fse and buffeting
forces Fbuff around the steady configur-
ation of the bridge are compared.

The standard deviations of the lateral
(y), vertical (z) and torsional displace-
ment (zeq) around the static position
of the bridge (supposed to be equal
to zero) versus the wind mean speed
are presented in Figs. 8–10. The tor-
sional values are expressed as equival-
ent displacement of the deck leading
edge as zeq = (B/2)u.

FD results are compared to TD results,
where for TD approaches the plotted
points are the average of the values
of the ten time histories.

TD and FD results are presented
together, but for a better understand-
ing of the plots, FD values are shifted

by +1 m/s on the x-axis to prevent
overlapping.

Figures 8–10 also report the statistical
analysis of the results excluding
outlier data (m+ s), using the meth-
odology described in the previous sub-
section (“Aeroelastic Stability in
Smooth Flow”). The average value m
is plotted with a solid black line, while
the curves m+ s are plotted with
dashed black lines. In the next section
(“Step 1.1c: Reference Values”),
Table 5 displays the reference mean m
and the standard deviation ratio s/m

30 m/s 45 m/s 60 m/s 72 m/s

fy [Hz] m 0520 0.0520 0.0520 0.0520

s/m 01% 0.03% 0.04% 0.03%

fz [Hz] m 1015 0.1029 0.1025 0.0933

s/m 09% 0.26% 0.47% 0.62%

fθ [Hz] m 0.2488 0.2275 0.2049

s/m 0.36% 0.51% 0.41%

Table 3: Step 1.1c lateral, vertical and torsional frequencies: mean and standard deviation

30
m/s

45
m/s

60
m/s

72
m/s

jy
[–]

m 0122 0.0142 0.0169 0.0209

s/m 63% 0.90% 1.42% 3.08%

jz
[–]

m 0989 0.1660 0.2879 0.5099

s/m 82% 2.03% 1.95% 5.94%

ju
[–]

m 0.0429 0.0366 0.0015

s/m 1.69% 3.36% 97.9%

Table 4: Step 1.1c lateral, vertical and
torsional damping ratios: mean and
standard deviation

Fig. 8: Standard deviation (STD) of lateral
displacement versus mean wind speed. TD,
time domain; FD, frequency domain

Fig. 9: Standard deviation (STD) of vertical
displacement versus mean wind speed. TD,
time domain; FD, frequency domain

Fig. 10: Standard deviation (STD) of
equivalent torsional displacement versus
mean wind speed. TD, time domain; FD,
frequency domain

Structural Engineering International 2019 Scientific Paper 5



computed excluding the outlier data at
the five tested wind mean velocities,
considering both TD and FD results,
to allow validation against the refer-
ence data. Even excluding the outliers
from the statistics, the standard devi-
ation at 45 m/s reaches 3% on the ver-
tical displacement, 7% on the torsional
displacement and 10% on the lateral
displacement. Considering the 16 con-
tributions, the numbers of outliers for
the four mean wind speeds (15, 30, 45
and 60 m/s) are as follows: for the
lateral displacement 5, 4, 6 and 3; for
the vertical displacement 7, 6, 7 and 5;
and for the equivalent torsional displa-
cement 3, 3, 5 and 5, respectively.

Figures 11–13 report the PSDs using
the results of both the FD and TD
analysis of lateral (y), vertical (z) and
torsional equivalent displacement
(zeq) for a wind speed of 45 m/s. Only
ten contributions in total are available,
five in the FD and five in the TD. In
both the vertical and the equivalent
torsional displacements, three contri-
butions are very far away from the
others. STD values (STDy, STDz and
STDzeq) computed by integration of
the PSDs are reported in the key, for
comparison with Figs. 8–10.

Considering that in Step 1.1c aerody-
namic input data are defined in the FD,
except for the extrapolation/interp-
olation against V*, the different
approaches in the FD should lead to
the same results if the same extrapol-
ation/interpolation method is used. In
this case, instead of defining the statisti-
cal reference curve as the average of
the collected results, a reference curve
is directly computed, as reported in the
Appendix, together with a numerical
example of PSD computation in the
FD, at 45 m/s, using a defined

extrapolation/interpolation method for
aerodynamic coefficients (defined in
the next section: “Step 1.1c: Reference
Values”). The reference power spectra
are also used to compute reference
STD values (STDref ) for comparison
with the statistical average of the avail-
able results computed by the TGpartici-
pants in the TD and FD. The reference
STD values computed by integrating
the reference power spectra are plotted
in Figs. 8–10 as grey bars.

The reference values defined above are
very close to the statistical values. This
confirms that the procedure used in
this paper to define the reference
values m, when analytical solutions
are not available, is reliable thanks to
the large number and good quality of
most of the contributions, as presented
in Ref. [1], where a fully analytical sol-
ution was available.

The STD trends (Figs. 8–10) clearly
show that the absolute data spread
increases with increasing wind speed,
for both FD and TD approaches.
However, the relative spread (s/m),
reported inTable 5, is quite stable, high-
lighting the consistency of the indepen-
dent analyses. This supports a
validation procedure based on the com-
parison of results with an acceptance
range defined through the trend of a
reference value and a given tolerance.

Looking at Figs. 9 and 10, at 60 m/s,
Contributions FD 5 and FD 7 are out-
liers. Comparing the corresponding
PSDs in Figs. 12 and 13 at 45 m/s, it is
clear that those models simulate a
different aeroelastic behaviour from
the others, as the PSD shape is very
different from the others.

Moreover, considering 45 and 60 m/s,
the TD approaches show a larger
spread of STD compared to the FD
approaches, and they underestimate
STD mean values (excluding FD 5 and
FD7values). To support this, by consid-
ering 60 m/s and separating the TD and
FD results, it is possible to compare the
s/m values of the different method-
ologies: s/m for lateral displacement is
17.9% for the TD and 4.1% for the
FD approaches; for vertical displace-
ment it is 8.7% and 8.6%, respectively;
and for torsional displacement it is
12.2% and 8.7%, respectively.

Step 1.1c: Reference Values

This section summarizes the reference
values presented in the previous sections.

15 m/s 30 m/s 45 m/s 60 m/s

STD y m [m] 0.0952 0.4319 0.8616 1.7349

s/m [–] 5.1% 4.1% 10.2% 4.6%

STD z m [m] 0.173 0.5596 0.9888 1.5557

s/m [m] 10.5% 6.1% 3.0% 4.4%

STD zeq m [m] 0.0211 0.1134 0.2984 0.7181

s/m [–] 18.1% 13.2% 6.9% 5.0%

Table 5: Step 1.1c standard deviation (STD) of the lateral (y), vertical (z) and torsional
displacement (zeq): mean and standard deviation

Fig. 11: Power spectral density (PSD) of
lateral displacement, 45 m/s wind mean
speed. FD, frequency domain; TD, time
domain; STD, standard deviation

Fig. 12: Power spectral density (PSD) of
vertical displacement, 45 m/s wind mean
speed. FD, frequency domain; TD, time
domain; STD, standard deviation

Fig. 13: Power spectral density (PSD) of
equivalent torsional displacement, 45 m/s
wind mean speed. FD, frequency domain;
TD, time domain; STD, standard deviation
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In Table 3, the reference values of the
natural frequencies of the system as a
function of the mean wind speed are

shown, while in Table 4 the reference
values of the damping ratios are
shown. Results of the lateral mode

(y), vertical mode (z) and torsional
mode (u) are reported at the five
tested velocities as the reference
mean m and the ratio between the stan-
dard deviation s and m.

STD values of the buffeting response
for the lateral (y), vertical (z) and the
equivalent torsional (zeq) displace-
ments versus the wind mean speed for
Step 1.1c are reported in Table 5. The
STD values reported here are defined
by the statistical average m and by the
normalized standard deviation s/m of
the different contributions in both the
TD and FD.

Tables 6–8 report the reference power
spectra values defined in the previous
subsection (“Buffeting Response Step
1.1c”) for the validation of numerical
codes. Five frequencies are selected:
the three resonant frequencies, a fre-
quency before the first lateral mode
and a frequency beyond the torsional
mode. All five wind velocities are con-
sidered. The experimental flutter
derivatives are defined in the range
5 , V∗ , 35, for a discrete set of V∗

where every DV∗ = 5. Therefore, the
values inside the range are interp-
olated with a linear method; the
values outside the available range
must be extrapolated. The results
obtained using extrapolated coeffi-
cients are highlighted with an asterisk
in Tables 6–8. Extrapolation is per-
formed by keeping constant the exper-
imental flutter derivative values
outside the V∗ range, considering the
Polimi formulation presented in the
subsection “Aerodynamic Forces”.
Consequently, from 0 to 5 the values
are kept equal to the data at V∗ = 5,
and from 35 to infinity equal to the
data at V∗ = 35.

Conclusions

IABSE TG 3.1 concluded successfully
the second part of its working plan,
the results of which are presented in
this paper. For this step (Step 1.1c),
TG 3.1 comprises a large and quali-
fied number of participants, and the
results represent the synthesis of
many contributions. This aspect is
very important, since one of the
goals of TG 3.1 is the definition of
reference data for the validation of
numerical codes, and these reference
data cannot usually be obtained
through closed-form analytical
approaches because of the complexity
of the modelling.

f [Hz] 15 m/s 30 m/s 45 m/s 60 m/s

0.001 4.00E-02* 3.30E-01* 1.16E+00* 3.00E+00*

0.010 2.12E-02* 2.76E-01* 1.10E+00* 2.99E+00*

0.052 4.12E+00 8.88E+01 4.02E+02 1.01E+03*

0.100 7.00E-05* 2.70E-03 1.74E-02 6.09E-02

0.200 6.03E-07* 2.84E-05* 3.07E-04 3.95E-03

0.234 2.03E-07* 1.15E-05* 2.02E-04 2.53E-03

0.278 9.11E-08* 3.72E-06* 2.56E-05 8.00E-05

0.300 3.36E-08* 1.85E-06* 1.55E-05* 5.47E-05

0.350 1.09E-08* 6.55E-07* 5.92E-06* 2.47E-05

*Results obtained using extrapolated coefficients

Table 6: Step 1.1c power spectral density (PSD) of the lateral motion (reference values in
[m2/Hz])

f [Hz] 15 m/s 30 m/s 45 m/s 60 m/s

0.001 6.36E-02* 5.89E-01* 2.58E+00* 9.43E+00*

0.010 6.05E-02* 5.75E-01* 2.55E+00* 9.35E+00*

0.052 6.64E-02 8.34E-01 3.56E+00 1.09E+01*

0.100 9.94E-01* 8.70E+00* 1.74E+01 2.47E+01

0.200 2.93E-04* 1.65E-02* 2.18E-01 2.46E+00

0.234 9.17E-05* 7.54E-03* 2.11E-01 1.92E+00

0.278 1.73E-05* 4.73E-04* 2.03E-03 4.23E-03

0.300 9.17E-06* 2.98E-04* 1.45E-03* 3.51E-03

0.350 3.41E-06* 1.64E-04* 1.08E-03* 3.28E-03

*Results obtained using extrapolated coefficients

Table 7: Step 1.1c power spectral density (PSD) of the vertical motion (reference values in
[m2/Hz])

f [Hz] 15 m/s 30 m/s 45 m/s 60 m/s

0.001 1.52E-03* 1.40E-02* 6.12E-02* 2.21E-01*

0.010 1.38E-03* 1.33E-02* 5.91E-02* 2.15E-01*

0.052 8.59E-04 1.07E-02 4.50E-02 1.43E-01*

0.100 6.95E-05* 8.31E-05 2.94E-04 6.66E-04

0.200 2.86E-04* 1.60E-02* 1.95E-01 2.00E+00

0.234 5.35E-04* 4.26E-02* 1.11E+00 9.10E+00

0.278 1.16E-02* 9.19E-02* 1.89E-01 2.79E-01

0.300 5.03E-04* 1.40E-02* 5.54E-02* 1.15E-01

0.350 3.11E-05* 1.46E-03* 9.36E-03* 2.72E-02

*Results obtained using extrapolated coefficients

Table 8: Step 1.1c power spectral density (PSD) of the equivalent torsional motion (reference
values in [m2/Hz])
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Reference data were therefore
defined according to a statistical
analysis of the results provided by
TG 3.1 participants, considering the
average of the available data, preli-
minarily corrected for outliers. For
the buffeting response computation
in FD, where aerodynamic coeffi-
cients are experimentally defined, it
is possible to define analytically the
reference PSDs, having specified
the interpolation method. These
reference results are provided in
the paper and compared to the stat-
istical analysis of the results obtained
by TG 3.1 participants, using differ-
ent methods. The comparison high-
lights how the statistical post-
processing of a wide and high-
quality set of results allows for the
definition of reliable reference data,
supporting the adoption of this pro-
cedure in all the other benchmark
steps.

Compared to Step 1.1a, Step 1.1c intro-
duces the difficulty of the experimental
aerodynamic coefficients, and includes
the lateral degree of freedom and the
horizontal turbulence wind com-
ponent. Owing to the introduction of
experimental coefficients, larger dis-
crepancies are observed for the
3 DOF case. The TG 3.1 strategy of
moving towards an increasing level of
difficulty in the definition of numerical
code validation turned out to be a
correct procedure. If even a small
level of complexity is added to the
problem, differences from Step 1.1a
arise.

In Fig. 5, for example, the standard
deviation s computed excluding the
outlier data is 3.5 bigger than the
case with the flutter derivatives
calculated with the theoretical
Theodorsen functions (as reported in
Ref. [1]).

Furthermore, Step 1.1c shows a
larger spread in the collected results
for STD values before the statistical
procedure to define the average
value m and standard deviation s.
Moreover, reference values are calcu-
lated with a different number of
contributions with respect to Step
1.1a.

As highlighted in Ref. [1] and con-
firmed in Step 1.1c, the trend of the
eigenvalues (frequency and damping)
as functions of wind speed needs to
be analysed together with the flutter
wind speed for correct evaluation of
the numerical models.

A similar conclusion is also valid for
STD values in the buffeting response,
since the STD value alone does not
fully represent the quality of the
modelling.

The results of Step 1.1c confirm
that TD approaches show a larger
dispersion of the output data, since
different models of the aerodynamic
forces are adopted with different
approximations of the aerodynamic
coefficients.

The next step of the benchmark will
be Step 1.2, where the stability and
the buffeting response of a numerical
full-scale bridge will be studied.
The dependency of experimental
aerodynamic coefficients upon the
angle on attack will be considered
with a turbulent wind field defined
in time and space (along the bridge
axis).

To enhance the validation of the
numerical codes, numerical results
will also be compared against exper-
imental results in Step 2, which is
already in progress and the results of
which will form part of a future
publication.
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Appendix

At a given wind speed U, the equation
of motion of the system in the fre-
quency domain (FD) is (e.g. see Ref.

[29]):

(− v2[Ms +Mse(V∗)]
+ iv[Rs + Rse(V∗)]
+ [Ks +Kse(V∗)])X(f ) = Fbuff (f )

(8)

where:

. X(f ) =
Y(f )
Z(f )
Q(f )

⎧⎨
⎩

⎫⎬
⎭ = F

y(t)
z(t)
u(t)

⎧⎨
⎩

⎫⎬
⎭

is the vector of the Fourier transform
of the free coordinates

. Ms, Rs, Ks are the 3 × 3 diagonal
structural mass, damping and stiff-
ness matrices

. Mse, Rse, Kse are the 3 × 3 self-
excited mass, damping and stiffness
matrices, written through flutter
derivatives at a given reduced vel-
ocity V∗

. Fbuff (f ) = F
FD,buff

FL,buff

Mbuff

⎧⎨
⎩

⎫⎬
⎭

is the vector of the Fourier transform
of the buffeting forces written
through admittance functions at a
given reduced velocity V∗

. v = 2pf is the circular frequency.

The buffeting forces in the FD are
defined through the Davenport func-
tion and the wind spectrum. Both are
functions of reduced velocity V*, so at
a given wind speed U, they are func-
tions of the frequency f. The Fourier
transform of the vertical turbulent
component w(t) of the wind is Ww(f ),
and that of the horizontal component
u(t) is Wu(f ). At a given wind speed
U, the buffeting forces are defined in
the FD as:

Fbuff (f ) =

= 1
2
rUB

x∗Du x∗Dw
x∗Lu x∗Lw
Bx∗Mu Bx∗Mw

⎡
⎣

⎤
⎦

⎛
⎝

⎞
⎠

· Wu(f )
Ww(f )

{ }
= xA(V

∗) ·Wuw(f )

(9)

Considering the above buffeting forces
as an input, the output of the system in
the FD is:

X(f ) = H(V∗)−1Fbuff (f )

= H(V∗)−1xA(V
∗)Wuw(f ) (10)

where:
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. H(V∗) = (−v2[Ms +Mse(V∗)]+ iv
[Rs + Rse(V∗)]+ [Ks +Kse(V∗)]) is
the impedance matrix of the system
at a given frequency f and reduced
velocity V∗.

Taking the complex conjugate trans-
pose of the complex output vector X :

X(f ) = Ww(f ) xA(V
∗) H(V∗)−1 (11)

The cross-spectrum matrix of the
output X will be:

X �X = H(V∗)−1xA(V
∗)Wuw(f )

Wuw(f ) xA(V
∗) H(V∗)−1

(12)

where Wuw(f )Wuw(f ) is the cross-spec-
trum of the wind turbulence.

The cross-power spectral density
matrix SX(f ) will be the expected
value E(X �X) divided by 2Df , where
Df is the frequency resolution:

SX(f ) = H(V∗)−1xA(V
∗)Swind(f )

xA(V
∗)H(V∗)−1

(13)

where SX(f ) is the cross-power spec-
trum matrix of the output, whose
diagonal terms are the power spec-
tral density (PSD) of the lateral
motion Sy, of the vertical motion Sz
and of the torsional motion Su.
Swind(f ) is the cross-power spectrum
matrix of the incoming turbulence,
defined as:

Swind(f ) = Su Suw
Suw Sw

[ ]
(14)

the terms of which are defined in in
Table 2.

A numerical example of the PSD com-
putation is reported to help the vali-
dation procedure.

Selecting a wind velocity U of 45 m/s
and a frequency f of 0.278 Hz (the
structural torsional frequency), the
reduced velocity V∗ is equal to 5.22
and the PSD of the wind
Swind( f = 0.278) is:

Swind(f ) = 7.2139 0
0 5.2599

[ ]
(m/s) 2

Hz

(15)

The admittance matrix xA(V
∗ = 5.22)

is:

xA(V
∗ = 5.22 ) =

0.0088 0.0116
0.0076 0.2536
0.0990 2.0687

⎡
⎣

⎤
⎦104
(16)

and the impedance matrix of the
system at the given reduced velocity
V∗ is:

H(V∗ =5.22)

=
−6.74+0.11i −0.01+0.01i −0.29−0.26i

0.07+0.04i −6.25+0.80i −19.40−0.37i

0.06+0.23i 0.50+5.39i −158.52+79.71i

⎡
⎢⎣

⎤
⎥⎦104
(17)

The cross-power spectrum matrix of
the output SX( f = 0.278), through
Eq. (13), is:

SX ( f = 0.278)

=
0 − 0i 1 + 1i 1 − 1i

1 − 1i 20 − 0i 0 − 13i

1 + 1i 0 + 13i 8 − 0i

⎡
⎢⎣

⎤
⎥⎦10−4

(18)

where the PSD of the lateral displace-
ment is Sy( f = 0.278) = 0.0 (m2/Hz),
the vertical displacement is
Sz( f = 0.278) = 0.0020(m2/Hz) and
the PSD of the torsional displacement
is Su( f = 0.278) = 0.0008 (rad2/Hz).
The torsional value expressed in
equivalent displacement of the deck
leading edge, according to
Szeq (f ) = (B/2)2Su(f ), is equal to
0.1922 (m2/Hz).

By repeating the above example for all
the desired frequencies f and wind
speeds V, it is possible to obtain the
PSD reference curves in the FD, as
shown in Figs. 11–13 for a wind speed
of 45 m/s.
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